ABSTRACT Limited-angle computed tomography (CT) reconstruction problem is an ill-posed inverse problem. Currently, regularized CT reconstructions are usually considered by incorporating the total variation (TV) norm of an image into data fidelity term. However, the reconstructed images may be degraded using the TV-based minimization method with limited-angle artifacts. In recent years, the theory of wavelet tight frame has been well developed and has some advantages in preserving the sharp features as well as smoothness. To further improve the quality of reconstructed images, we propose an image reconstruction method incorporating TV with wavelet tight frame for limited-angle CT problem, which objective function includes 1 and 0 regularization terms and solved by a TV-based simultaneous algebraic reconstruction technique and an alternating direction method of multipliers. Compared with some TV-based reconstruction methods, the experimental results show that our method can further improve the quality of reconstructed images and suppress the limited-angle artifacts as well as preserve the low-contrast objects.
I. INTRODUCTION
Limited-Angle computed tomography (CT), which collects the raw data within a limited-angle range, is a non-destructive imaging method to acquire images of the interior of scanned object. The limited-angle CT reconstruction problem, which is an ill-posed inverse problem since the raw data are highly incomplete [1] , [2] , arises in dental tomography [3] , [4] , C-arm tomosynthesis [5] , short-scan tomography [6] - [8] and a long object tomography [9] , etc. The reconstructed image will presents some limited-angle artifacts and some destroyed edges using the classic filtered back-projection algorithm (FBP) [10] because it requires complete raw data. Nguyen [11] analyzed the strength of artifacts for limitedangle CT, however, no strategy for suppressing the artifacts was suggested. Frikel and Quinto [12] and Frikel [13] utilized the microlocal analysis to explain the reason that the reconstructed image presents limited-angle artifacts and some edges destroyed in limited-angle CT, and they proposed a modified FBP to mitigate the limited-angle artifacts. The modified FBP algorithm outperforms the classical FBP algorithm in suppressing the limited-angle artifacts and can improve the quality of reconstructed image, however, the artifacts in the part of reconstructed image which contains the invisible singularities were not suppressed in terms of the results of the work in [12] , [13] .
In the ideal situation, the following discrete model is investigated for limited-angle CT problem
where A : 2 ( ) → 2 (D) is a system matrix. Here, denotes a bounded subspace of R n and D denotes a bounded subspace of R m , f is the value to be reconstructed and g is the exact projection data without noise.
In practical application, the exact projection data g are hardly obtained, but with noisy data g δ with g δ − g 2 (D) ≤ δ, where δ denotes noise level. To mitigate the ill-posedness of limited-angle CT reconstruction problem, some regularization methods are usually considered, and the reconstruction model can be expressed as follows [13] :
or arg min
where λ is a nonnegative regularization parameter and R :
2 ( ) → [0, ∞) is a regularization functional. If λ = 0, the algebraic reconstruction technique (ART) [14] or simultaneous algebraic reconstruction technique (SART) [15] can be utilized to solve this optimization problem, however, the reconstructed image will shows some limited-angle artifacts in limited-angle CT.
The regularization term R(f ) can be designed differently according to the reconstruction goals. To preserve the edges in reconstructed image, the total variation (TV) is chosen [16] :
where i, j denote the location indexes of f , which is a classical strategy for CT image reconstruction with incomplete data. However, some authors showed that the TV norm of image will produce some blocky artifacts in reconstructed image for medical imaging [17] , [18] . To further suppress the blocky artifacts and improve the quality of the reconstructed image, a higher order TV norm, a weighted or a fractional order TV norm of image were considered [19] , [20] , however, some artifacts are still presented in reconstructed image for limited-angle CT. To mitigate the over-smoothness on the edges of the resulting image caused by conventional TV minimization, the authors considered the anisotropic edge property among neighboring image voxels and proposed an adaptive-weighted TV (AwTV) minimization algorithm for sparse-view lowdose CT image reconstruction [21] . The work [21] shows that the AwTV algorithm can yield images with several noticeable gains. For low-dose and sparse views CT image reconstruction, a total variation based projection onto convex sets (TV+POCS) method with a slight modification is adopted [22] . The work [22] shows that the present method is over other existing methods in terms of the noise reduction and edge detail preservation. To eliminate the blocky or patchy artifacts caused by minimizing the TV norm of reconstructed image, the authors [23] presented a total variation-stokes-projection onto convex sets (TVS-POCS) method, the experimental results show that their methods can improve the reconstruction quality and suppress the blocky or patchy artifact. More extended works to SART+TV method can be referred as the references [24] - [26] . To enforce the sparseness of gradient image, Storath et al. [27] , and Yu and Zeng [28] considered the 0 quasi-norm of gradient image as the regularization term, their methods can improve the reconstruction quality and suppress the artifacts for CT reconstruction problem. In recent years, the theory and application of wavelet frame have been well developed and show some advantages in image processing [29] - [33] . To enforce the sparseness of image under a wavelet frame and stabilize the reconstruction process, the 0 quasi-norm or 1 norm of image under a wavelet tight frame was also considered as a regularization term [29] , [32] , [33] . Some authors combine the TV and other regularization terms to deal with CT reconstruction problem [34] , this method can further improve the image quality.
The mainly limiting factor in limited-angle CT reconstruction quality is the incomplete raw data caused by CT system which scans the object within a limited-angle range. The goal of this study is to improve the model of the conventional CT iterative reconstruction algorithms to suppress the artifacts and increase the reconstruction quality of limited-angle CT by combining the advantages of TV and wavelet tight frame regularizations. In this work, we propose a novel reconstruction model for limited-angle CT that is geared to suppressing the limited-angle artifacts and improving image quality. The proposed reconstruction model combines with two regularization terms, one is the TV norm of reconstruction image, the other is the 0 quasi-norm of the wavelet coefficients of an image under the piecewise constant B-spline wavelet tight frame. In addition, the corresponding iterative reconstruction algorithm is proposed to solve this reconstruction model. Combining with the two regularization terms, the limited-angle artifacts are more effectively suppressed and the edges in reconstructed image are well preserved.
The article is organized as follows. In Section 2, the correlative model and algorithm are illustrated at first, then, the proposed limited-angle CT reconstruction model and the corresponding iterative reconstruction algorithm are shown. In Section 3, we show the experimental results. Conclusions and discussions are given in Section 4.
II. MODELS AND METHODS

A. SART+TV ALGORITHM
The TV iterative reconstruction algorithms gained increasing attention since this regularization strategy has more advantages in preserving the edges in reconstructed image. One of the classical image reconstruction algorithm based on TV regularization in CT imaging is SART+TV algorithm [35] . The reconstruction model of SART+TV is given as follows:
The SART+TV algorithm includes two major steps. The SART was utilized to reconstruct an image in the first step, then, the TV norm of an image was minimized using the gradient descent method. The pseudo-code of SART+TV algorithm is summarized in Table 1 . 
B. OUR ALGORITHM
In recent years, the theory and application of wavelet frame have been well developed and show some advantages in image processing. The wavelet tight frame with 0 quasinorm can improve the image quality in preserving the sharp features as well as smoothness [32] . In this subsection, we describe our algorithm for image reconstruction in limitedangle CT. To develop a limited-angle CT reconstruction algorithm that takes advantage of the sparseness of gradient image, the edge-preserving of TV regularization and the sharp features-preserving as well as smoothness of wavelet tight frame with 0 quasi-norm, the objective function to be minimized are the 1 norm of the gradient image and 0 quasi-norm of wavelet coefficients. We combine TV with wavelet tight frame and propose a novel reconstruction model to deal with the limited-angle reconstruction problem. The reconstruction model proposed is shown as follows:
where W denotes the piecewise constant B-spline wavelet tight frame, {λ i } denotes the positive regularization parameters and · 0 denotes the 0 quasi-norm (
The objective function of (6) involves image space and wavelet space. To approximatively solve the optimization problem (6), we use the idea of two stages method [36] and shown the two stages as follows:
Stage 2 : arg min 1 2
wheref is the iteration result of (7). The main idea is that we first get an initial resultf by stage 1, then, stage 2 is used to further improve the quality of the initial resultf . These two stages were performed in an alternating iteration fashion.
In stage 1, we use the SART+TV algorithm to obtain an initialf .
In stage 2, we introduce an auxiliary variable α into (8), then, the sub-problem (8) can be formed as follows:
Next, the Augmented Lagrangian method is utilized to convert the problem (9) into the following optimization problem arg min
where v denotes the dual variable and t is a parameter.
The alternating direction method of multipliers (ADMM) [36] - [38] is used to solve the problem (10) with following three steps (10a)-(10c):
The solution of problem (10a) is given as follows:
where W * denotes the inverse transform of W (W * can be implemented by the fast framelet reconstruction algorithm [31] ) and the function max(·, ·) is the maximum function.
We use the hard thresholding (HT) method [32] to solve the sub-problem (10b), and the solution of (10b) is given as follows:
is a hard thresholding function as follow:
Our algorithm includes four major steps. In the first step, the SART+TV algorithm was utilized to reconstruct an initial image. In the second step, obtain the optimization value of quadratic programming (10a) using the optimization condition. In the third step, the optimization problem (10b) with VOLUME 6, 2018 0 quasi-norm was minimized using HT method. Lastly, we use (10c) to update the dual variable. The pseudo-code is summarized in Table 2 . 
III. EXPERIMENTAL RESULTS
To investigate the effectiveness of our algorithm for limitedangle CT, some simulation experiments were performed on a 3.3GHz Intel(R) Core(TM) i5-4590 CPU with Windows 8 64bit system. We implement the SART+TV (or AwTV) algorithm and 0 gradient based reconstruction algorithm [28] for comparison in Matlab 2014b and Microsoft Visual C++ 2010. For the experiments, there are not good methods to choose the parameters, a series of parameters were investigated and chosen empirically for high-quality image. The root mean square error (RMSE) [24] , Peak Signal to Noise Ratio (PSNR) [27] and a mean measure of structural similarity (MSSIM) [39] are utilized to evaluate the reconstructed quality. In our experiments, the maximum iteration number N ite is regarded as the stopping criteria.
In the first research, a digital NCAT phantom [40] , which is shown in Fig. 1 , was utilized to investigate the performance of our algorithm. The simulated fan-beam scanning parameters of limited-angle CT are given in the following. The distance from source to rotation center is 1000mm. The distance from detector to rotation center is 400mm. The important factor of limited-angle CT reconstruction problem is the scanning range, two different scanning ranges are considered in our experiment which are In practical application, the projection data include some measurement errors, which caused by beam-hardening, scattering, etc. Thus, to evaluate the stability of our algorithm against data noise, the noise was considered in the simulated On the left top is the reconstructed result using SART+TV, on the first row and second column is the reconstructed result using 0 gradient based algorithm, on the right top is the reconstructed result using our algorithm, on the left bottom is the absolute value of the difference relative to NCAT phantom using SART+TV, on the second column and second row is the absolute difference relative to NCAT phantom using 0 gradient based algorithm, on the right bottom is the absolute value of the difference relative to NCAT phantom using our algorithm, while the counterparts for scanning range [0, 80 • ] are in Fig. 4 . As can be seen from the first row of Fig. 2 , there is no obvious difference in the reconstructed images in terms of visual inspection, however, the second row of Fig. 2 shows that our algorithm and 0 gradient based algorithm can further improve the quality of reconstructed images. It can be seen in first row of Fig. 4 that there were some limited-angle artifacts in the reconstructed images using SART+TV from limitedangle projection data, and our algorithm and 0 gradient based algorithm can further suppress these artifacts. As can be seen from absolute difference image, our algorithm can further improve the reconstructed images quality than other algorithms. To make the reconstructed images more visually comparable, Fig. 3 and Fig. 5 show the profiles corresponding to Fig. 2 and Fig. 4 respectively, which along the red line ''Y''.
The RMSE, PSNR and MSSIM values for the reconstructed images using different algorithms are in Table 3 . As seen from Table 3 , the RMSE and PSNR values using 0 gradient based algorithm is better than that using our algorithm, but the MSSIM value is lower than that using our algorithm. Compared to SART + TV algorithm, our algorithm and 0 gradient based algorithm can reconstruct an image with higher quality.
Next, the consumed time per step is in Table 4 . As seen from Table 4 , because we have added additional steps (i.e. 10(c), (11) and (12)) after using SART+TV algorithm, the consumed time per step using our algorithm is longer than that using SART+TV algorithm.
To evaluate the stability of our algorithm against higher level noise, the variance of the Gaussian noise is set to 0.2% of the corresponding projection value. For scanning range [0, 80 • ], ρ = 0.2, t = 0.45, λ i = 0.25 l * 0.0000074, P TV = 20, P SART = 1, N ite = 3000.
The reconstructed images using different reconstruction algorithms for scanning range [0, 80 • ] are in Fig. 6 . On the left top is the reconstructed result using SART+TV, on the first row and second column is the reconstructed result using 0 gradient based algorithm, on the right top is the reconstructed result using our algorithm, on the left bottom is the absolute value of the difference relative to NCAT phantom using SART+TV, on the second column and second row is the absolute difference relative to NCAT phantom using 0 gradient based algorithm, on the right bottom is the absolute value of the difference relative to NCAT phantom using our algorithm. As can be seen from absolute difference image, our algorithm can further improve the reconstructed images quality due to an additional 0 regularization introduced in our reconstruction model. The RMSE, PSNR and MSSIM values for the reconstructed images using different algorithms are in Table 5 .
For the scanning range [0, 80 • ], compared with Table 3  and Table 5 , for the higher noise level, we found that the PSNR and MSSIM values are increased and the RMSE value is decreased because the iteration number is increased and the parameters are different. If the iteration number is increased for lower noise level, then, the RMSE, PSNR and MSSIM values can be further improved. It implies that the convergence speed of our algorithm is slow thus more iteration number is needed. It also shows that our algorithm is sensitive to the parameters, thus they should be choose carefully.
In the second research, a Forbild head phantom [41] , which is shown in Fig. 7 , was utilized to investigate the performance of our algorithm. The simulated fan-beam scanning parameters of limited-angle CT are given in the following. The distance from source to rotation center is 1200mm. The distance from detector to rotation center is 600mm. , on the left top is the reconstructed result using SART+TV, on the first row and second column is the reconstructed result using 0 gradient based algorithm, on the right top is the reconstructed result using our algorithm. For scanning range [0, 145 • ], on the left bottom is the absolute difference relative to Forbild head phantom using SART+TV, on the second column and second row is the absolute difference relative to Forbild head phantom using 0 gradient based algorithm, on the right bottom is the absolute difference relative to Forbild head phantom using our algorithm. The zoomed-in view of ROIs in Figs. 8 and 11 , and the narrow display window in Fig. 9 and Fig. 12 for showing low contrast objects more clearly, on the left is the reconstructed result using SART+TV, on the middle is the reconstructed result using 0 gradient based algorithm, on the right is the reconstructed result using our algorithm. Fig. 9 and Fig. 12 show that our algorithm outperforms SART+TV algorithm in terms of suppressing limited-angle artifacts, reconstructing low contrast objects and preserving the edges in reconstructed image. 0 gradient based algorithm has some advantages in preserving the edges in reconstructed image, however, it will not work well in term of reconstructing low contrast objects. The experimental results show that our algorithm has some advantages in reconstructing low contrast objects. Fig. 10 shows the profiles along the yellow line ''Z'' in Fig. 8 .
The RMSE, PSNR and MSSIM values for reconstructed images using different algorithms are in Table 6 . As seen from Table 6 , compared to SART + TV algorithm and our algorithm, 0 gradient based algorithm achieves the lower RMSE value and the higher PSNR value for different scanning ranges. However, our algorithm achieves the higher MSSIM value for different scanning ranges and outperforms 0 gradient based algorithm in terms of reconstructing low contrast objects (See Figs. 9 and 12) . The size of reconstructed images is 256 × 256. In this experiment, the AwTV algorithm, which is one of the extended methods of SART+TV, is implemented for comparison. We use τ = τ * 1 instead of τ = τ * 0.995 in [21] for limited-angle CT reconstruction problem.
The parameters of our algorithm are given in the following. ρ = 0.038, t = 0.6, P TV = 20, λ i = 0.25 l * 0.0000165, P SART = 1, N ite = 3500. The reconstructed images with two display windows for scanning range [0, 145 • ] are in Fig. 13 and Fig. 14, respectively . The first column is the reconstructed result using SART+TV, the following columns are the reconstructed result using AwTV algorithm, 0 gradient based algorithm and our algorithm, respectively. The experiments show that our algorithm outperforms other algorithms in terms of reconstructing low contrast objects. The RMSE, PSNR and MSSIM values are given in Table 7 .
Lastly, a real projection data of CatPhan 600 was utilized to investigate the performance of our algorithm. The scanning parameters of limited-angle CT are given in the following. The distance from source to rotation center is 1000mm. The distance from detector to rotation center is 500mm. The projection views used in limited-angle CT are 219 and 273 VOLUME 6, 2018 The reconstructed images using different algorithms are in Fig. 15 . On the left top is the reconstructed result using FBP algorithm for full scan, on the right top is the reconstructed result using our algorithm, for the scanning angle range [ The reconstructed images using different reconstruction algorithms for different scanning angle ranges are in Fig. 16 and the ROIs of Fig. 16 with a zoomed-in view is shown in Fig. 17 . In Fig. 16 , the first row is the reconstructed result for the scanning angle range [30 • , 180 • ], the second row is the reconstructed result for the scanning angle range [30 • 
The first column is the reconstructed result using SART+TV algorithm, the following columns are the reconstructed result using AwTV algorithm, 0 gradient based algorithm and our algorithm, respectively. As seen from Figs. 16 and 17 , the quality of reconstructed image is getting worse with the scanning angle range is decreasing, the red arrow shows the image degradation parts. According to the ROIs of Fig. 16 with a zoomed-in view in Fig. 17 , the AwTV algorithm outperforms other algorithms in preserving the low contrast objects, however, the reconstructed image presents more noise than other algorithms. The SART+TV and 0 gradient based algorithms can better suppress the noise, but the low contrast objects are over-smoothed. Our algorithm outperforms other algorithms in terms of preserving low contrast objects as well as suppressing the noise.
The reconstructed value using our algorithm for the scanning angle range [30 • , 210 • ] is regarded as the reference value and used to compute the RMSE, PSNR and MSSIM values, which are shown in Table 8 .
IV. CONCLUSION
For few-views CT reconstruction problem, SART+TV algorithm is very efficient. While for limited-angle CT, SART+TV algorithm degenerates the quality of the reconstructed images. To further improve the reconstructed images quality, we propose an image reconstruction method based on TV and wavelet tight frame for limited-angle CT problem. First, a SART+TV step had been used. Second, a HT method was utilized to cut the smaller wavelet coefficients. Lastly, the Lagrange multiplier was updated. Some experiments were implemented to investigate the performance of our algorithm, the experimental results show that our algorithm is subject to fewer artifacts than those reconstructed results using SART+TV algorithm, and can further improve the quality of reconstructed images and preserve the edges in reconstructed image. The RMSE, PSNR and MSSIM values for reconstructed images show that our algorithm outperforms the SART+TV algorithm. The limited-angle CT reconstruction problem is a seriously ill-posed inverse problem since the raw data are highly incomplete, our algorithm can further alleviates the instability of limited-angle CT reconstruction process than that using SART+TV or AwTV algorithms, however, the reconstructed images will still present some artifacts if the scanning ranges are seriously insufficient. 0 gradient based algorithm outperforms our algorithm in preserving the edges in reconstructed image, however, our algorithm outperforms 0 gradient based algorithm in terms of reconstructing low contrast objects. Further improvements are under way to facilitate regularization method and parameters selection research. 
